We study the coherent atomic tunneling between two zero-temperature BoseEinstein condensates (BEC) confined in a double-well magnetic trap. Two
The recent experimental observation of the Bose-Einstein condensation (BEC) in a dilute gas of trapped atoms [1, 2] , has generated much interest in the properties of this new state of matter. A quite fascinating possibility is the observation of new quantum phenomena on macroscopic scales, related with the superfluid nature of the condensate. In fact, broken symmetry arguments show that the condensate atoms can be described by a common, "macroscopic" one-body wave function Ψ( r, t) = √ ρ e iθ (the order parameter), with ρ the condensate density. For a weakly interacting BEC, the order parameter obeys a non-linear Schroedinger, or Gross-Pitaevskii equation (GPE) [3] :
where V ext is the external potential and g 0 = 4πh 2 a m is the inter-atomic scattering pseudo potential, with a, m the atomic scattering length and mass respectively.
The GPE has been successfully applied to investigate the collective mode frequencies of a trapped BEC in the linear regime [4] , the relaxation times of monopolar oscillations [5] , and, because of the non-linear self-interaction, it could also induce chaotic behavior in dynamical quantum observables [5, 6] The existence of a macroscopic quantum phase (difference) was dramatically demonstrated recently [2] . A far off-resonant intense laser sheet divided a trapped condensate, creating a large barrier in between. Switching off the double-well trap, the two released condensates overlapped, producing a robust "two-slit" atomic interference pattern, clear signature of phase coherence over a macroscopic scale (≃ 10 −2 cm). The non destructive detection of phase-differences between two trapped BEC could be achieved by lowering the intensity of the laser sheet. This allows for atomic tunneling through the barrier, and the detection of Josephson-like current-phase effects [2, [7] [8] [9] . In superconductor Josephson junctions (SJJ), phase coherence signatures include a dc external voltage producing an ac current, or the "plasma" oscillations of an initial charge imbalance [10, 11] Although the trapped BEC is also a neutral-atom Bose system, its population can be monitored by phase-contrast microscopy; the double-well curvatures and barrier heights can be tailored by the position and the intensity of the laser sheet partitioning the magnetic trap [2] . We note that the chemical potential between the two condensates depends both on the zero-point energy difference, that acts like an external "dc" SJJ voltage, and on the non-linear interaction that, through an initial population imbalance, acts like a capacitive SJJ charging energy. Thus, we suggest that the BEC tunnel junction can show the analogues of the familiar Josephson effects in supercunductor junctions, with the ability to tailor traps and the atomic interaction compensating for electrical neutrality.
In this Letter we study the atomic tunneling at zero temperature between two effects such as the ac effects and "plasma" oscillations are predicted. We also find that the non-linearity of the dynamic tunneling equations produces a novel self-trapping effect.
Consider a double-well magnetic trap 1,2 as in Fig.(1) . This system can be described by a two-state model:
with uniform amplitudes ψ 1,2 = N 1,2 e iθ 1,2 , where N 1,2 , θ 1,2 are the number of particles and phases in the trap 1, 2 respectively, and K is the coupling matrix element [14] . The parameters E 0 1,2 , U 1,2 and K can be determined from appropriate overlap integrals of the time-independent GPE eigenfunctions Φ 1,2 of the isolated traps, as outlined later. The total number of atoms N T = N 1 + N 2 is constant, but we stress that a coherent phase description, i.e. the existence of definite phases θ 1,2 , implies that the phase fluctuations (≃
[15]) must be small, giving N 1,2 > N min ≃ 10 3 , say.
We note that the BEC inter-trap tunneling Eq.s(2) are similar in form to models of single-trap atomic-level transitions [8] , or polaron hopping in semiclassical approximation [16] , although they describe quite different physics.
In terms of the phase-difference φ = θ 2 − θ 1 and fractional population difference
where the time has been rescaled as 2Kt → t. The dimensionless parameters are:
For two symmetric traps, E 
In a simple mechanical analogy, H describes a non − rigid pendulum, of tilt angle φ and length proportional to √ 1 − z 2 , that decreases with the "angular momentum" z.
The inter-trap tunneling current is given by:
The detailed analysis of Eq.s(3) with exact analytical solutions will be presented elsewhere [17] ; here we consider three regimes. 1)Non − interacting limit. For symmetric wells and negligible interatomic interactions (Λ → 0), Eq.s(2) can be solved exactly, yielding Rabi-like oscillations in the population of each trap with a frequency:
as studied in [7, 8] . However, the ideal Bose gas limit is not accessible experimentally.
2)Linear regime. In the linear limit (|z| << 1, |φ| << 1) Eq.s(3) become:
These describe the small amplitude oscillations of the pendulum analogue, with a sinusoidal z(t) with a frequency:
The BEC oscillations of population should show up as temporal oscillations of phase-contrast patterns [2] , or other probes of atomic population [1] .
Linearizing Eq.s(3) in z(t) only, we obtain:
For large trap asymmetries with ∆E >> (Λ + cos(φ))z, we have: φ = φ(0) + ∆Et, giving an oscillating z(t) with frequency:
where an "ac" current I(t) is produced by the "dc" trap asymmetry ∆E. It is simple to show that a small oscillation in the laser position, or in its intensity (K → K(1 + δsin(ω 0 t)), δ << 1), will result in a dc inter-trap current of non-zero time average < I(t) >≃ δ < sin(ω 0 t)sin(ω ac t) > = 0, at resonant match ω 0 = ω ac . This is the analogue of the Shapiro effect [10] in superconductor junctions.
In SJJ, the current of Cooper pairs N 1,2 is I SJJ = −2e(Ṅ 1 −Ṅ 2 ) = 2eE J sinφ, and the Josephson frequency relation for the relative phase isφ = ∆µ = 2eV + (N 1 − N 2 )E c , for a dc applied voltage V and a junction capacitance C, with E c = (2e) 2 /2C [10] . These SJJ equations can be directly compared with the BEC Eq.s
(3). It is then clear that the ac
Josephson frequency ω ac = 2eV and the Josephson "plasma" frequency [10, 11] 
are the analogue of Eq. (12) and Eq. (10) respectively. Note however that, for SJJ, ω p is independent of the barrier cross section A, since E J ≃ A and E c ≃ C 
The full dynamical behavior of Eq. (3) is summarized in Fig(3) , that shows the z − φ phase portrait with constant energy lines. There are energy minima along z = 0 at 2nπ, and "running" solutions <φ(t) > = 0 with < z(t) > = 0, moving along the sides of these wells.
The vertical points φ = (2n + 1)π, that would be isolated unstable points for the rigid pendulum, now support oscillations of restricted range, as a consequence of non-rigidity, i.e. non-linearity.
The self-trapping of an initial BEC population imbalance, seen in Fig.(2d) and Fig.(3) arises because of the inter-atomic interaction in the Bose gas (non-linear self-interaction in GPE). It has a quantum nature, involving the coherence of a macroscopic number of atoms. It differs from single polaron trapping of an electron in a medium [16] and from gravitational effects on He II baths [12] . It can be considered as a novel "macroscopic quantum self-trapping" (MQST).
Non-linear effects like MQST are unobservable in SJJ. The requirement that the chemical , that should be compared with the plasma frequency of SJJ that are [11] of the order of ω p ≃ GHz.
We now outline the derivation of the parameters E 0 , U, K.
To this purpose we note that in the barrier region the modulus of the order parameter in the GPE is exponentially small. This allows us to look for an eigenstate of GPE of the form:
where Φ 1 , Φ 2 are the ground state solutions for isolated traps with
Replacing Eq. (14) in the GPE Eq.(1) with the conditions:
and
we obtain:
At finite temperature the interaction between the normal component of the Bose gas with the condensate should be included, and the parameters become temperature dependent.
Such corrections are small for temperatures smaller than excitation energies. High density BEC could induce quasiparticle/collective mode scattering with finite lifetime of the coherent oscillations [5] ; phase diffusion could induce phase coherence collapse and revival [19] . These effects deserve further studies.
In conclusion, the BEC coherent atomic tunneling in a double-well trap induces non- 
